Abstract A graph is said to be vertex-transitive non-Cayley if its full automorphism group acts transitively on its vertices and contains no subgroups acting regularly on its vertices. In this paper, a complete classification of cubic vertex-transitive non-Cayley graphs of order 12p, where p is a prime, is given. As a result, there are 11 sporadic and one infinite family of such graphs, of which the sporadic ones occur when p = 5, 7 or 17, and the infinite family exists if and only if p ≡ 1 (mod 4), and in this family there is a unique graph for a given order.
Introduction
Throughout this paper a graph means a finite, connected, simple and undirected graph. Let X be a graph with vertex set V (X) and edge set E(X). Two vertices of X are said to be adjacent if there is an edge between them. An arc of X is an ordered pair of adjacent vertices, and we use A(X) to denote the set of arcs of X. For u, v ∈ V (X), u ∼ v means that u is adjacent to v and denote by {u, v} the edge incident to u and v in X. A graph X is said to be vertex-transitive and arc-transitive (or symmetric) if its full automorphism group, denoted by Aut(X), acts transitively on V (X) and A(X), respectively.
Given a finite group G and a subset S ⊆ G \ {1} such that S = S −1 = {s −1 | s ∈ S} (where 1 is the identity element of G), the Cayley graph Cay(G, S) on G with respect to S is defined to have vertex set G and edge set {{g, sg} | g ∈ G, s ∈ S}. A Cayley graph Cay(G, S) is connected if and only if S generates G. Given g ∈ G, define the permutation R(g) on G by x → xg, x ∈ G. Then R(G) = {R(g) | g ∈ G}, called the right regular representation of G, is a permutation group isomorphic to G. It is well-known that R(G) Aut(Cay(G, S)). So, Cay(G, S) is vertex-transitive.
A vertex-transitive graph is Cayley if and only if its automorphism group contains a subgroup acting regularly on its vertex set (see, for example, [29, Lemma 4] ). This fact implies that Cayley graphs are just those vertex-transitive graphs whose full automorphism groups have a regular subgroup. Not all vertex-transitive graphs are Cayley and the smallest one is the well-known Petersen graph. Such a graph will be called a vertex-transitive non-Cayley graph, or a VNC-graph for short.
In the literature, VNC-graphs have received considerable attention, and much of the work have been focused on construction of VNC-graphs of certain type, determination of all VNC-graphs up to a certain order, classification of VNC-graphs with both specific valency and order, and so on. For example, in 1983, Marušič [18] started a large project which aims at determining the set NC of non-Cayley numbers, that is, those numbers for which there exists a VNC-graph of order n. This was an active topic of research for a long time and a lot of VNC-graphs were constructed in [11, 15, 19-22, 24, 25, 27, 31] . Motivated by the above mentioned research, Feng [8] considered the question to determine the smallest valency ϑ(n) for VNC-graphs of a given order n, and he answered this question for the graphs of odd prime power order.
In [24, Table 1 ], the total number of vertex-transitive graphs of order n and the number of VNC-graphs of order n were listed for each n 26, and very recently, Potočnik et al. [28] constructed a census of all connected cubic vertex-transitive graphs on at most 1280 vertices. It seems that Cayley graphs are 'common' among the vertex-transitive graphs. In fact, McKay and Praeger conjectured that almost all vertex-transitive graphs are Cayley graphs. This is true particularly for vertex-transitive graphs with specific valency (see [26, 28] ). These facts motivate us to study the problem of classifying VNC-graphs with specific valency. From [3, 17] we can obtain all VNC-graphs of order 2p for each prime p. In [36] all tetravalent VNC-graphs of order 4p were classified. In [34, 35, 37] , the cubic VNC-graphs of order a product of three primes were classified. For the classification of cubic VNC-graphs of order a product of four primes, Zhou and Feng [38] classified cubic VNC-graphs of order 8p, and Kutnar et al. [14] classified cubic VNC graphs of order 4p
2 . In this paper we classify all cubic VNC-graphs of order 12p. As a result, there are 11 sporadic and one infinite family of cubic VNC graphs of order 12p, of which the sporadic ones occur when p = 5, 7 or 17, the infinite family exists if and only if p ≡ 1 (mod 4), and in this family, there is one and only one graph for a given order.
Preliminaries
In this section, we introduce some notations and definitions as well as some preliminary results which will be used later in the paper. For a positive integer n, denote by Z n the cyclic group of order n as well as the ring of integers modulo n, by Z * n the multiplicative group of Z n consisting of numbers coprime to n, by D 2n the dihedral group of order 2n, by S n the symmetric group of degree n, and by C n and K n the cycle and the complete graph of order n, respectively. We call C n an n-cycle.
For two groups M and N , N ⋊ M denotes a semidirect product of N by M . For a subgroup H of a group G, denote by C G (H) the centralizer of H in G and by Let G be a permutation group on a set Ω and α ∈ Ω. Denote by G α the stabilizer of α in G, that is, the subgroup of G fixing the point α. We say that G is semiregular on Ω if G α = 1 for every α ∈ Ω and regular if G is transitive and semiregular. For any g ∈ G, g is said to be semiregular if g is semiregular. The following proposition gives a characterization for Cayley graphs in terms of their automorphism groups.
Proposition 2.2. [29, Lemma 4]
A graph X is isomorphic to a Cayley graph on a group G if and only if its automorphism group has a subgroup isomorphic to G, acting regularly on the vertex set of X.
An s-arc in a graph X is an ordered (s + 1)-tuple (v 0 , v 1 , · · · , v s−1 , v s ) of vertices of X such that v i−1 is adjacent to v i for 1 i s and v i−1 = v i+1 for 1 i s − 1. A graph X is said to be s-arc-transitive if Aut(X) is transitive on the set of s-arcs in X. In particular, 0-arc-transitive means vertex-transitive, and 1-arc-transitive means arc-transitive or symmetric. A subgroup of Aut(X) is s-regular if the subgroup acts regularly on the set of s-arcs in X, and X is said to be s-regular if Aut(X) is s-regular. Tutte [32] proved that there exist no cubic s-regular graphs for s 6. The next proposition characterizes the vertex stabilizers of cubic s-regular graphs. Proposition 2.3. [6, Propositions 2-5] For an s-regular cubic graph X, the stabilizer of v ∈ V (X) in Aut(X) is isomorphic to Z 3 , S 3 , S 3 × Z 2 , S 4 , or S 4 × Z 2 for s = 1, 2, 3, 4 or 5, respectively.
For a regular graph X, use d(X) to represent the valency of X, and for any subset B of V (X), the subgraph of X induced by B will be denoted by X [B] . Let X be a connected vertex-transitive graph, and let G Aut(X) be vertex-transitive on X. For a G-invariant partition B of V (X), the quotient graph X B is defined as the graph with vertex set B such that, for any two vertices B, C ∈ B, B is adjacent to C if and only if there exist u ∈ B and v ∈ C which are adjacent in X. Let N be a normal subgroup of G. Then the set B of orbits of N in V (X) is a G-invariant partition of V (X). In this case, the symbol X B will be replaced by X N .
Let X be a cubic graph and G be an s-regular subgroup of Aut(X) for some integer s. Let N be a normal subgroup of G. In view of [16, Theorem 9] , we have the following proposition.
Proposition 2.4. If N has more than two orbits in V (X), then N is the kernel of G on the set of orbits of N that acts semiregularly on V (X), and X N is a cubic symmetric graph with G/N as an s-regular group of automorphisms.
A graph is said to be a bi-Cayley graph over a group H if it admits H as a semiregular automorphism group with two orbits of equal size. Note that every bi-Cayley graph admits the following concrete realization. Let R, L and S be subsets of a group H such that
and R ∪ L does not contain the identity element of H. Define the graph BiCay(H, R, L, S) to have vertex set the union of the right part H 0 = {h 0 | h ∈ H} and the left part H 1 = {h 1 | h ∈ H}, and edge set the union of the right edges {{h 0 , g 0 } | gh −1 ∈ R}, the left edges {{h 1 , g 1 } | gh −1 ∈ L} and the spokes {{h 0 , g 1 } | gh −1 ∈ S}. For the case when |S| = 1, the bi-Cayley graph BiCay(H, R, L, S) is also called one-matching bi-Cayley graph (see [13] ). Also, if |R| = |L| = s, then BiCay(H, R, L, S), is said to be an s-type bi-Cayley graph.
To end this section, we introduce some properties of bi-Cayley graphs. In what follows, we always assume that Γ =BiCay(H, R, L, S) is a connected bi-Cayley graph over a group H. (1) H is generated by R ∪ L ∪ S.
(2) S can be chosen to contain the identity element of H.
Let R(H) denote the right regular representation of H. Then R(H) can be regarded as a group of automorphisms of BiCay(H, R, L, S) acting on its vertices by the rule
For an automorphism α of H, define two permutations on V (Γ) = H 0 ∪ H 1 as following: 
(2) if α has order 2, then Γ is isomorphic to the Cayley graph Cay(H, R ∪ αS), whereH = H ⋊ α .
Cubic symmetric graphs of order 12p
In this section we shall classify cubic symmetric graphs of order 12p for each prime p. Throughout this paper, the notations FnA, FnB, etc. will refer to the corresponding graphs of order n in the Foster census of all cubic symmetric graphs [2, 4] .
Theorem 3.1. Let X be a connected cubic symmetric graph of order 12p with p a prime. Then X is 2-or 4-regular, and moreover,
(1) X is 2-regular if and only if it is isomorphic to F024, F060 or F084;
(2) X is 4-regular if and only if it is isomorphic to F204.
Proof. We first claim p 17. Suppose to the contrary that p > 17. Let A = Aut(X). By Proposition 2.3, the stabilizer
If A is non-solvable, then A has a non-abelian simple composite factor M/N , and since |M/N | | 2 6 · 3 2 · p, by [10, pp.12-14] M/N is one of the following groups:
By considering the orders of these groups, we obtain that p 17, a contradiction. Thus, A is solvable.
Suppose that A has a normal r-subgroup, say N , with r = 3 or p. Since X has order 12p with p > 17, it is easy to see that N has more than two orbits on V (X). By Proposition 2.4, N is semiregular, and the quotient graph X N of X relative to N is a cubic symmetric graph of order 12p/|N |. Since N is semiregular, one has |N | = 3 or p, implying that the number of vertices of X N is 4p or 12. However, by [9, Theorem 6.2], the cubic symmetric graph with order 12 or 4p with p > 17 does not exist, a contradiction. Thus, A has no normal 3-or p-subgroups. Take a minimal normal subgroup, say M , of A. The solvability of A implies that M is an elementary abelian r-group, where r ∈ {2, 3, p}. Then M must be a 2-group. Clearly, M has more than two orbits on V (X). Again, by Proposition 2.4, M is semiregular, and the quotient graph X M of X relative to M is a symmetric cubic graph. It follows that M ∼ = Z 2 , and X M has order 6p. Let T /M be a minimal normal subgroup of A/M . Clearly, A/M is solvable, so T /M is an elementary abelian r-group, where r ∈ {2, 3, p}. If T /M is a r-group with r = 3 or p, then T = R × M , where R is the Sylow r-subgroup of T . Clearly, R is characteristic in T . The normality of T in A implies that R ✂ A. This is contrary to the fact that A has no normal 3-or p-subgroups. If T /M is a 2-group, then |T | = 2 ℓ 4. Clearly, T has more than two orbits on V (X). By Proposition 2.4, T is semiregular and the quotient graph X T of X relative to T is a cubic symmetric graph of odd order 12p/|T | = 3p, a contradiction.
By now, we have shown that our claim is true, namely, p 17. Then X has order at most 204, and by [4] , X is isomorphic either to the 2-regular graphs F024, F060 or F084, or to the 4-regular graph F204.
Graphs associated with lexicographic products
Let n be a positive integer. The lexicographic product C n [2K 1 ] is defined as the graph with vertex set {x i , y i | i ∈ Z n } and edge set {{x i , x i+1 }, {y i , y i+1 }, {x i , y i+1 }, {y i , x i+1 } | i ∈ Z n }. In this section, we introduce a class of cubic vertex-transitive graphs which can be constructed from the lexicographic product C n [2K 1 ]. Note that these graphs belong to a large family of graphs constructed in [7, Section 3] .
Definition 4.1. For integer n 2, let X(n, 2) be the graph of order 4n and valency 3 with vertex set
Note that X(n, 2) is obtained from C n [2K 1 ] by expanding each vertex into an edge, in a natural way, so that each of the two blown-up endvertices inherits half of the neighbors of the original vertex.
Define three permutations on V (X(n, 2)) as follows:
It is easy to check that α, β, and γ are automorphisms of X(n, 2). Furthermore, α, β, γ ∼ = D 4n acts regularly on V (X(n, 2)), which implies that X(n, 2) is a Cayley graph.
Theorem 4.1. Let p > 7 be a prime, and X a connected cubic vertex-transitive graph of order 12p. If Aut(X) is solvable, then either Aut(X) has a normal Sylow p-subgroup, or X ∼ = X(3p, 2).
Proof. Let A=Aut(X). Since X is cubic, the stabilizer
In what follows, assume that O p (A) = 1. We consider two cases: O 2 (A) = 1 and O 2 (A) > 1.
In this case, we must have
, whose orders can not be divided by p, a contradiction. Thus,
is a q-group, where q ∈ {2, p}. Take a Sylow q-subgroup of H, say Q. Since Q C, one has H = O 3 (A) × Q, and hence Q is characteristic in H. The normality of H in A gives that Q ✂ A. This is contrary to the assumption that
Let X O2(A) be the quotient graph of X relative to O 2 (A) with vertex set Ω. Remember that Ω is the set of the orbits of O 2 (A) in V (X). Let K be the kernel of A acting on Ω. Then O 2 (A) K, A/K Aut(X O2(A) ) and A/K acts transitively on Ω. In view of the fact that O 2 (A) > 1 and X is of order 12p, we get that X O2(A) has order 3p or 6p. In addition, since X is cubic, the vertex-transitivity and connectivity of X implies that the valency d(X O2(A) ) of X O2(A) is 2 or 3.
If d(X O2(A) ) = 2, then X O2(A) is an ℓ-cycle, where ℓ = 3p or 6p. Without loss of generality, we may assume that Ω = {∆ i | i ∈ Z ℓ }, and ∆ i ∼ ∆ i+1 for every i ∈ Z ℓ .
Suppose first that X[∆ i ] is not an empty graph for an orbit ∆ i ∈ Ω. Then, by the normality of O 2 (A), there is an edge inside each orbit in Ω. The fact that X is cubic implies that the graphs induced by the orbits of O 2 (A) are either all isomorphic to 2K 2 or all isomorphic to K 2 . Hence, for each v ∈ ∆ i , one neighbor of v is in ∆ i and the other two neighbors are in ∆ i−1 and ∆ i+1 , respectively. Since K fixes each orbit of O 2 (A) setwise, the stabilizer K v of v ∈ V (X) fixes all neighbors of v. Applying the connectedness of X, we get K v fixes all vertices of X, and hence K v = 1. It follows that K = O 2 (A) is semiregular, and so |K| = 12p/ℓ = 2 or 4. Since X O2(A) ∼ = C ℓ , one has Aut(X O2(A) ) ∼ = D 2ℓ . Since A/K Aut(X O2(A) ) is transitive on Ω, one has A/K ∼ = Z ℓ , D ℓ (for ℓ = 6p) or D 2ℓ . Clearly, the Sylow p-subgroup P K/K of A/K is normal, so P K ✂ A. Since p > 7 and |K| 4, Sylow Theorem yields P ✂ P K, and hence P is characteristic in P K. The normality of P K in A gives that P ✂ A, a contradiction.
Suppose now that X[∆ i ] is null for every ∆ i ∈ Ω. Since X is cubic and X O2(A) is a cycle, the subgraph 
. Then we may, without loss of generality, assume that
Thus X ∼ = X(3p, 2).
If d(X O2(A) ) = 3, then the length of every orbit of O 2 (A) is 2, and X O2(A) has order 6p.
Suppose that X O2(A) is a non-Cayley graph. Since p > 7, by [37, Theorem 5.3], X O2(A) is isomorphic to the symmetric graph F102 of order 102. Furthermore, the full automorphism group of F102 is isomorphic to PSL (2, 17) . Note that A/K is a solvable vertex-transitive group of automorphisms of X O2(A) . It follows that A/K is a proper subgroup of PSL (2, 17 Suppose that X O2(A) is a Cayley graph, say X O2(A) ∼ = Cay(G, S), where G is a group of order 6p. Since p > 7, by [33, Theorem 3.2], one has either Aut(X O2(A) ) ∼ = G ⋊ H, where H S 3 , or Aut(X O2(A) ) ∼ = GZ 3 for 3 | (p−1). For the former case, since p > 7, the Sylow Theorem implies that the Sylow p-subgroup, say R, of G is normal and since G✂ G⋊ H, R is also a normal Sylow p-subgroup of G⋊ H. For the latter case, since p > 7 and 3 | (p − 1), again by Sylow Theorem, we get that the Sylow p-subgroup of GZ 3 is normal. As a result, Aut(X O2(A) ) always has a normal Sylow p-subgroup. Since A/K Aut(X O2(A) ), the Sylow p-subgroup P K/K of A/K is also normal, and so P K ✂ A. For every v ∈ V (X), the neighbors of v are in three different orbits of O 2 (A). Since K fixes each orbit of O 2 (A) setwise, K v fixes all neighbors of v. By the connectedness of X, we have K v = 1 and
and so P ✂ P K. Since P is a Sylow p-subgroup of P K, P is characteristic in P K. The normality of P K in A implies that P ✂ A, contrary to the assumption of O p (A) = 1.
Construction of cubic VNC-graphs of order 12p
We shall first construct 9 sporadic VNC-graphs of order 12p with p = 5 or 7. To do so, we need the concept of coset graph (see [30] ). The coset graph, denoted by Cos (G, H, D) , is constructed from a finite group G relative to a subgroup H of G and a union D of some double cosets of H in G such that Table 1 .
Using the computer software MAGMA [1] , we can easily obtain the following theorem.
Theorem 5.1. The graphs listed in Table 1 are pairwise non-isomorphic non-symmetric cubic VNCgraphs with non-solvable automorphism groups. Figure 1 for the smallest one in this family of graphs. ( 1 3 5 4 2)(6 7) (2 4)(3 5)
( 1 3), (4 5) ( 1 3 2)(4 5) (1 5 3 4)(6 7) NC 5 12·5
( 1 4 3 5)(6 7) NC 6 12·5
( 1 3)(6 7), (4 5)(6 7) (2 4) ( 1 4)(3 5)(6 7) ( 1 7)(2 4)(3 8), NC 7 12·7
( 1 4)(2 7)(5 6) ( 1 8 4)(2 7 3) ( 1 4 2 7)(3 6 8 5) PGL (2, 7) ( 1 6)(2 4)(3 7)(5 8), NC 8 12·7
( 1 4)(2 6)(3 8)(5 7) ( 1 3 5 2 6 7 8 4) (1 5 2 3)(4 8 6 7) Table 1 The VNC graphs of order 60 or 84
The following theorem shows that NC 9 12p is a VNC graph of order 12p. Theorem 5.2. Let p be a prime congruent to 1 modular 4. Then NC 9 12p is a connected cubic nonsymmetric VNC graph of order 12p, and Aut(NC
and A =Aut(X). Clearly, X is connected, and has valency three and order 12p. It is easy to see that H has an automorphism, say α such that a α = b, b α = a, c α = c λ , and moreover, α interchanges R and L. By Proposition 2.6, δ α (see (2.1)) is an automorphism of X of order 4 such that δ α interchanges the two copies of H, and furthermore,
In what follows, we shall show that G = A.
If p 17, then by MAGMA [1] , X is non-symmetric, and by Theorem 3.1, X is also non-symmetric for p > 17. So, the stabilizer A v of v ∈ V (X) in A is a 2-group, and hence |A| = |V (X)||A v | | 2 m+2 · 3 · p for a non-negative integer m. As p 5, the group P = R(c) is a Sylow p-subgroup of A. Again by MAGMA [1] , if p 17 then A is solvable and contains a normal Sylow p-subgroup, namely, P = R(c) . For p > 17, we have X ≇ X(3p, 2) because it is easy to check that X has no 4-cycles while X(3p, 2) has girth 4. It follows from Lemma 4.1 that the Sylow p-subgroup P of A is also normal. Now consider the quotient graph X P of X relative to P , and let K be the kernel of A acting on V (X P ). From the construction of X, we see X P ∼ = C 12 and the subgraph of X induced by any two adjacent orbits of P is either isomorphic to pK 2 or C 2p . This implies that K acts faithfully on each orbit of P , and hence K Aut(C 2p ) ∼ = D 4p . Since K fixes each orbit of P , one has K D 2p . Clearly, A/K is not edge-transitive on X P . It follows that A/K ∼ = D 12 , and hence |A| 24p. Clearly, |G| = 24p, so A = G. Now we are ready to finish the proof. Since
, which has Sylow 2-subgroups isomorphic to Z 2 × Z 4 . Since Sylow 2-subgroups are conjugate and δ α interchanges the two orbits of R(H) with δ 2 α fixing some vertices, every element of order 2 in A fixes the two orbits of R(H) and every element of order 4 interchanges the two orbits of R(H) with its square fixing some vertices. Suppose that X is a Cayley graph. By Proposition 2.2, A contains a regular subgroup L. Then L contains a 2-element t of order 4 interchanging the two orbits of R(H). But t 2 fixes some vertices, contrary to the regularity of L. Now we are ready to finish the proof. Suppose that X is a Cayley graph. By Proposition 2.2, A contains a regular subgroup, say U . By |A : U | = 2, we have U is a maximal subgroup of A. Let γ be an involution in H and Q = γ, δ α . Then Q is a Sylow 2-subgroup of A. Clearly, Q U and thus A = U Q. It follows that |Q ∩ U | = 4 and Q/(Q ∩ U ) ∼ = Z 2 , and hence δ 
Classification of cubic VNC graphs of order 12p
This section is devoted to classifying all connected cubic VNC graphs of order 12p for each prime p. The following is the main result of this paper. Let A = Aut(X). As X is non-symmetric, the vertex-stabilizer A v is a 2-group, and since X is nonCayley, by Proposition 2.2, one has |A| = 2 m+2 · 3 · p for some positive integer m and A does not contain a regular subgroup. Suppose that A is non-solvable. Then A has a non-abelian simple composition factor, say M/N . Since 3 2 ∤ |A|, by [10, pp.12-14] , one has M/N = A 5 or PSL(2, 7) with p = 5 or 7, respectively. This is contrary to our assumption. Thus, A is solvable. Also, X ≇ X(3p, 2) because by the argument preceding the statement of Theorem 4.1 we have that X(3p, 2) is a Cayley graph. Now it follows from Theorem 4.1 that A has a normal Sylow p-subgroup, say P . As |A| = 2 m+2 · 3 · p, one has P ∼ = Z p . Let X P be the quotient graph of X relative to P , and let K be the kernel of A acting on V (X P ). Then X P has order 12 and A/K is a vertex-transitive group of automorphisms of X P . Since P ✂ A, the valency of X P is 2 or 3.
Suppose that X P is of valency 3. Then for any vertex v ∈ V (X), its neighbors are in three different orbits of P . It follows that the stabilizer K v fixes the neighborhood of v in X pointwise because K fixes each orbit of P setwise. By the connectedness of X, K v fixes each vertex in V (X), forcing K v = 1. Hence, K = P K v = P and A/P Aut(X P ). Noting that X P is a cubic vertex-transitive graph of order 12, by [23] , we see that X P is a Cayley graph and either |Aut(X P )| = 24, or X P ∼ = X(3, 2). If A/P contains a subgroup, say G/P , acting regularly on V (X P ), then G acts regularly on V (X), a contradiction. Since X P is always a Cayley graph, we must have that X P ∼ = X(3, 2) and 12 < |A/P | < |Aut(X P )|. It is easy to see that Aut(X(3, 2)) ∼ = Z 3 2 ⋊ S 3 . Consequently, we obtain that |A/P | = 24, and so A/P ✂ Aut(X P ). Clearly, O 3 (Aut(X P )) = 1. This implies that O 3 (A/P ) = 1 because A/P ✂ Aut(X P ). In particular, A/P is non-abelian.
Let C = C A (P ). Clearly, P C. If P = C, then by Proposition 2.1, we have A/P = A/C Z p−1 , forcing that A/P is cyclic, a contradiction. Thus, P < C. Let Q = O 2 (C). Since O 3 (A/P ) = 1, one has O 3 (C/P ) = 1. If |Q| = 2, then the fact that O 3 (C/P ) = 1 implies that C = P × Q ∼ = Z 2p , and so C C A (C) C A (P ) = C. It follows that C = C A (C) and hence A/C Aut(C) ∼ = Z p−1 . Since C/P ∼ = Z 2 , it is in the center of A/P , and since (A/P )/(C/P )( ∼ = A/C) is cyclic, one has A/P is abelian, a contradiction. So, we must have |Q| > 2. Clearly, Q ✂ C, and since C ✂ A, one has Q ✂ A. Recall that O 2 (Aut(X P )) ∼ = Z 3 2 has three orbits (on V (X P )) each of which has size 2. Since A/P ✂ Aut(X P ), one has QP/P O 2 (A/P ) O 2 (Aut(X P )). It follows that each orbit of QP/P on V (X P ) has size 2, and so each orbit of QP on V (X) has size 2p. Since Q ✂ QP , each orbit of Q on V (X) has size 2. As |Q| > 2, the quotient graph X Q of X relative to Q is a 6p-cycle, say X Q = (B 0 , B 1 , B 2 , · · · , B 6p−1 ), and each orbit of Q does not contain an edge. So, we may assume that X[B i , B i+1 ] ∼ = 2K 2 if i is odd and X[B i , B i+1 ] ∼ = C 4 if i is even. Now one may easily see that X is isomorphic to X(3p, 2). This is impossible.
By now, we have shown that X P is of valency 2, namely, X P ∼ = C 12 . Without loss of generality, assume that V (X P ) = {∆ 0 , ∆ 1 , · · · , ∆ 11 }, and ∆ i is adjacent to ∆ i+1 for each i ∈ Z 12 . If X[∆ i ] contains some edges of X, then the connectedness of X P yields d(X[∆ i ]) = 1. This forces that |∆ i | = p is even, a contradiction. Thus, X[∆ i ] is an empty graph for every i ∈ Z 12 . Since X is cubic and d(X P ) = 2, for any two adjacent orbits ∆,
Then A/K is not edge-transitive on X P . By the vertex-transitivity of A/K on X P , we have A/K ∼ = D 12 . Since p > 3, the subgroup K * of K fixing ∆ 0 pointwise also fixes ∆ 1 and ∆ 11 pointwise. The connectedness of X gives K * = 1, and consequently,
Since |A| > 12p, it follows that K ∼ = D 2p and hence |A| = 24p. Since A/K is regular on V (X P ), one has A v = K v ∼ = Z 2 and K = P ⋊ A v .
Set C = C A (P ). Then P C. Since P ✂ A, by Proposition 2.1, A/C Aut(P ) ∼ = Z p−1 . As K = P ⋊ A v ∼ = D 2p , one has C v = 1, namely, C is semiregular on V (X). Then |C| | 12p. Observing that A/K ∼ = D 12 , it follows that the Sylow 2-subgroups of A are non-cyclic. Hence |C| = p, 3p. If |C| = 2p or 4p, then we could take a Hall {2, p}-subgroup, say H, of A such that CK H. Then |H| = 8p, and H/C ✂ A/C since A/C is cyclic. So, H ✂ A, and hence H/K ✂ A/K. This is impossible because A/K( ∼ = D 12 ) has no normal subgroups of order 4. Therefore, |C| = 6p. Clearly, C has two orbits, say B 0 and B 1 . The action of C on each of these two orbits is regular. 
